CS 70 Discrete Mathematics and Proloa]oility Theory
Summer 2019 James Hulett and Elizabeth Yang DIS 6D

1 Tellers

Imagine that X is the number of customers that enter a bank at a given hour. To simplify everything,
in order to serve n customers you need at least n tellers. One less teller and you won’t finish serving
all of the customers by the end of the hour. You are the manager of the bank and you need to decide
how many tellers there should be in your bank so that you finish serving all of the customers in
time. You need to be sure that you finish in time with probability at least 95%.

(a) Assume that from historical data you have found out that E[X] = 5. How many tellers should
you have?

(b) Now assume that you have also found out that var(X) = 5. Now how many tellers do you
need?

2 Markov's Inequality and Chebyshex/s Inequahty

A random variable X has variance var(X) = 9 and expectation E[X| = 2. Furthermore, the value
of X is never greater than 10. Given this information, provide either a proof or a counterexample
for the following statements.

(a) E[X?] =13.

(b) P[X =2] > 0.
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() P[X >2] =P[X <2].

) P[x <1]<8/9.

(e) PX > 6] <9/16.

(O P[X > 6] <9/32.

3 Inequality Practice

(a) X is a random variable such that X > —5 and E[X] = —3. Find an upper bound for the proba-
bility of X being greater than or equal to —1.

(b) Youroll a die 100 times. Let Y be the sum of the numbers that appear on the die throughout
the 100 rolls. Use Chebyshev’s inequality to bound the probability of the sum Y being greater
than 400 or less than 300.

CS 70, Summer 2019, DIS 6D 2



4 Vegas

On the planet Vegas, everyone carries a coin. Many people are honest and carry a fair coin (heads
on one side and tails on the other), but a fraction p of them cheat and carry a trick coin with heads
on both sides. You want to estimate p with the following experiment: you pick a random sample of
n people and ask each one to flip his or her coin. Assume that each person is independently likely
to carry a fair or a trick coin.

1. Given the results of your experiment, how should you estimate p?

2. How many people do you need to ask to be 95% sure that your answer is off by at most 0.05?
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